Abstract. We specify the conjecture about the structure of the Coulomb branch of N=2 supersymmetric quantum field theories in four dimensions
Introduction
Let us given a N=2 supersymmetric quantum field theory (4d N=2 SUSSY QFT) Q. Physical arguments imply that we can associate to Q an algebraic integrable system DW (Q) which is in fact a generalized Hitchin system [4] . More precisely, let Σ be a smooth algebraic curve. In this paper we study the moduli space of meromorphic GHiggs pairs on Σ. The moduli space of such bundles has a canonical Poisson structure. Symplectic leaves of the Poisson structure are the main objects of our interest.
We start by recalling basic constructions of the moduli space of Higgs bundles and Poisson structure in section 2, following [7] . A point in a symplectic leaf of the Poisson structure is an isomorphism class of pair (E, ϕ), where E is the principal G-bundle on Σ and ϕ ∈ H 0 (Σ, ad(E) ⊗ K(D)) is the meromorphic section with poles in the finite set of points D on Σ. Moreover, residues of meromorphic sections in a symplectic leaf belong to fixed coadjoint orbits of Lie algebra g. In section 3 we concentrate on those symplectic leaves for which meromorphic sections of G-Higgs bundles have nilpotent residues.
One of the conjectures in [11] essentially states that the Hitchin map from DW (Q) factors through an affine space M Coulomb (Q). In section 4, we propose a further detailed version of the conjecture about the structure of the Coulomb branch of the theory Q suggested in [11] . According to our conjecture, we identify the Coulomb branch of the theory Q with the affinization of the suitably defined finite cover of the symplectic leaf of the moduli space of meromorphic G-Higgs bundles.
Preliminaries
2.1. Generalities on moduli space of Higgs bundles. Let Σ be a smooth complete algebraic curve of genus g, K its canonical line bundle. Let G be a complex semisimple Lie group with the Lie algebra g.
Meromorphic Higgs pairs.
A holomorphic K-valued G-Higgs pair on Σ is a pair (E, ϕ) consisting of principal holomorphic G bundle E and a holomorphic section of the twist adE ⊗ K of its adjoint Lie algebra bundle by canonical line bundle, i.e. ϕ ∈ H 0 (Σ, adE ⊗ K). Let D be a closed zero dimensional subscheme of Σ. We will denote also by D the corresponding effective divisor D := p 1 + . . . + p m on Σ, which consist of distinct points. The pair (E, ϕ) is a meromorphic Higgs pair if
Stable Higgs bundles. The Higgs pair is (semi-) stable, if for any
, for more details cf. [10] . Here T G/P is a vertical bundle of E/P → X. According to [10] , there is an analytic coarse moduli space M(G, D) =
of semi-stable pairs (E, ϕ). Connected components of M(D) are labelled by the topological type of G bundle E. We will denote the component of topologically trivial G-bundles also by M(D) for short.
2.2.
Poisson structure via levels. In the classical setting of [6] the moduli space of holomorphic stable Higgs pairs is a partial compactification of the cotangent bundle of the moduli space of stable vector bundles. Therefore, it has a canonical symplectic structure. The moduli space M(D) of stable meromorphic Higgs pairs has a natural Poisson structure, see [1] , [7] . We describe a Poisson structure on M(D) in two steps in much the same way as in the [7] but in a slightly different generality.
(1) As a preliminary step we realize a dense open subset of M(D) as an orbit space of a Poisson action of a group G D on the cotangent bundle of the moduli space G-bundles with level structures. (2) Next we exhibit a two-vector on the smooth locus of M(D) through the use of the cohomological construction. 
The cotangent bundle of U(D). Deformation theory arguments give identification
). Using Serre's duality we obtain natural isomorphism:
is an isomorphism class of triple [(E, ϕ, η)] where (P, ϕ) is a Higgs pair.
The action of the level group G D on U(D) lifts naturally to an action on T ∨ U(D):
where f ∈ G D lifts f . The lifted action exhibits several remarkable properties:
(D) carries a Poisson action G D with respect to the canonical symplectic form on the cotangent bundle T ∨ U(D). (2) The moment map
where
, A ∈ g D and the residue map Res : 
The dual of the complex K is the complex (2.5)
Composing with embedding i : O(−D) → O we get the morphism of complexes:
and using the duality we obtain the map (2.7)
The map I gives the element Ω D ∈ ⊗ 2 H 1 (K) which is skew-symmetric. In such a way [9] for details . Markman made remarkable observation in [7] that the moduli space of stable meromorphic Higgs pairs M s (D) is a completely integrable system. The lagrangian fibration of M s (D) is given by the Hitchin map h :
the degree of the generator h i of the algebra C[h 1 , . . . , h r ] of invariant polynomials on g with r = rk g. The symplectic leaf M(O e ) under the simplifying technical assumptions on the orbit O e admits analogous construction, see [8] . In particular, the restriction of the Hitchin map h to the symplectic leaf M(O e ) is a Lagrangian fibration. The cohomological identification of the Possion structure affords an opportunity to determine its rank on the symplectic leaf M(O e ) ( [7] ). The rank of
as a consequence dimension of the generic fiber equal to 
